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Abstract

A generalized Jacobian/exponential expansion method for finding the exact
traveling wave solutions of a nonlinear partial differential equation is discussed.
We use this method to construct many new, previously undiscovered exact
solutions for the Boussinesq and modified KdV equations. We also apply it to
the shallow long wave approximate equations. New solutions are deduced for
this system of partial differential equations.

PACS numbers: 02.30.Jr, 04.20.Jb

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Solutions of partial differential equations have attracted significant interest in the literature.
Exact traveling wave solutions, in particular, are useful both in practice and for verifying the
accuracy and stability of popular numerical schemes such as the finite difference and finite
element methods. By employing a computer algebra software such as Maple or Mathematica,
the large amounts of tedious working required to verify candidate traveling wave solutions can
be avoided. The capability and power of these softwares have increased dramatically over the
past decade. Hence, a direct search for exact solutions is now much more viable.

Several effective direct search methods have been proposed in the literature. These include
the tanh method [15, 16], exp-function method [6, 20], Jacobian elliptic function method
[12, 18], Weierstrass’s elliptic function method [17], reduction of order methods [9, 10], and
cosh/sinh ansatz I-IIT method [19]. In this paper, we extend the generalized expansion method
developed in [2, 3]. More specifically, we develop some new Jacobian elliptic and exponential
solution classes for the same auxiliary ordinary differential equation (ODE) considered in
these papers. The solutions of the ODE are then used to construct candidate traveling wave
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solutions. Our new results ensure that, when applied to the classical Boussinesq and modified
KdV equations, this generalized expansion method not only recovers all of the solutions
reported in [6, 12, 18, 19, 22], but also discovers many new ones. Furthermore, this approach
is flexible as well as powerful—it is easily adapted in section 6 to handle the system of shallow
long wave approximate equations.

2. Preliminary results

The Jacobian elliptic functions are thoroughly discussed in [1, 5]. Since these special functions
play an important role in the following, we will briefly introduce them here. We will also
discuss some preliminary results that form the basis for our work in sections 3—6. Note that
we will follow the usual convention and let i denote the complex number satisfying i> = —1.
Moreover, for the remainder of this paper, m € (0, 1) is arbitrary.

To begin with, consider the integral

¢ —/p &
o /1—m2sin2(n)

Here, the constant m is referred to as the modulus and the upper limit p is called the amplitude
of ¢, which we denote as

p =am({).

On this basis, the first three Jacobian elliptic functions are defined as
sn(¢) := sinfam(¢)] = sin(p),
cn(¢) := cos[am(¢)] = cos(p)

and

dn(¢) = /1 — m?sin?[am(¢)] = /1 — m? sin?(p).
Asm — 1, we have
sn(¢) — tanh(¢), cn(¢) — sech(¢), dn(¢) — sech(¢).

Similarly, as m — 0,

sn(¢) — sin(¢), cn(Z) — cos(¢), dn(¢) — 1.

Nine additional Jacobian elliptic functions can be defined in terms of these first three—see
[1, 5] for details.
In [2, 3], the following auxiliary ODE was introduced:

[F'&)* = qo+q1 F) + @2l FE) + g:[F ) + qulF(©)1%, 2.1)

where qx, k = 0,...,4, are given coefficients. Various solutions of ODE (2.1) were
constructed using the Jacobian elliptic functions, and these results were exploited in the design
of a systematic procedure for generating solutions of nonlinear partial differential equations.
We will follow a similar approach in this paper. In our work, ODE (2.1) will be considered
assuming g4 # 0. We will need to determine more general solution classes of ODE (2.1) than
those reported in [2, 3]. This is the motivation behind the preliminary results that follow.

Recall that m is an arbitrary real number satisfying 0 < m < 1. With this in mind, for
any (possibly complex) number y, define the constants p;x(y), j=1,...,12,k =0, ...,4,
according to the following table.
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Furthermore, let the functions @; (-, y),j = 1,..., 12,k = 1
follows:
G
v11&,y) = m,
€)= — Y™
s = A=+ dne)
E.y) = v/m? — 1sn(§)
T U T @) v en®)’
@
vr46,y) = S on@) +1n@)’
()
i, y) = m,
1
2, y) = m,
G
»3&,y) = » dn@) + mon@)’
@
a4, y) = —)/ @) +dn@)’
o)
p316,y) = —ycn(g) T
& y) = m |
B U T men®)
O dn@®
p33,y) = @) +imn@)’
E.y) = /1 —m2sn(§)
O3S ) T sn(€) + dn(E)
1
¢4,1(§7 V) = ¥y Tim SII(E) n dl’l(s) )
pan(E.y) = dn(&)
“2 v dn(E) + im cn(€) + V1 —m?’
~ sn(§)
w3 Y) = O T v ion@)’
paaE. y) = en(®)
R Y en(€) + idn() + vm? — tsn(&)’
1
ps.16,y) = S+ mon(E) + dn)’
d
os2(E,7) ne)

- y dn(€) + mv/1 — m2sn(€) + V1 — m?’

.....

4 be defined as
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@536, y) = ~Sn(s) i ’
ysn(§) +idn(§) +icn(§)
B cn(§)
w54, y) = yen(®) + m? — 1+ /m? — Isn(&)
1
w18, v) = Y +isnE) +cn(®)’
d
v62(§,y) = - e / '
y dn(€) +icn(§) + /1 — m?sn(§)
B m sn(§)
v63(5,v) = ymsn(€) +i+idn(€)’
verlEny) = im cn(§)
T T iy men®) + dn@) + VT —m?
€ e V1 —m?[1 +sn(§)]
¢1.1(5,Y) = YT =m2+ T =mi(y + Dsn(€) +dn()’
e ) dn(&) +cn(%)
72155 ydn(€)+(y + Den@E) +1°
e V1 —m?[1+msn(§)]
O T msn (&) + VT iy + 1) + micn®)
B dn(&) +mcn(§)
146, v) = my cn(§) + (y + 1) dn(§) +im sn(§)’
dn(€) + /1 — m?sn(§)
w318, 7)) = ’
(1++/1—m2y)sn() +y dn(§)
€ o V1 —m?[cen(§) +1]
¥8,.2(8,¥Y) = \/1_m2y+\/1—mzycn(é‘)'i‘cn(%‘)’
Gy = 1 —m?+imen(§)
$s3t6¥) =17 V1 —m?y +iymen()’
€y - V1 —m2dn(€) + md/m? — 1sn(§)
BT @) + y VT = m2dn(®) + ma/m? — Tysn(@)’
€y - sn(£) + /1 — m2dn(&)
P = et —m T+ Len(E)
o en(é) — 1+m?
B = an @) + e D - s (e)
e dn(&) +im(1 — m?)sn(€)
$9,3(5, V) = mzmcn(é) + \/(_m4 +m2+ 1)(m2 — 1)7
1+m+/m? — 1cn(§)
©9.4(§,7)

T 2 — m2sn(E) + mt —m? — 1dn(E)’
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v10,1,7) =

v1026,y) =

03¢, y) =

v104&,y) =

o111, 7) =

pn26,y) =

o3&, y) =

o114, y) =

o216, 7) =

p126,y) =

o3&, y) =

o4&, y) =

en(€) ++/1 —m2dn(&)
m?—1+vm*—m2+1lcn()
sn(€) + 1 —m?
VT = m2dn(€) + vm* —m2 + Lsn(€)
1 +m~/1 = m2sn(§)
mMcn(é) + m’
dn(&) + my/1 — m2Zcn(&)
i(m3 — m)sn(€) + vm* —m2 + 1dn(&)’
en(€) + /1 — m2dn(€)
m+m* —m? + Isn(€)
V1 =m2sn(€) — 1 +m?
mdn(€) + vm* —m? + len(€)’
i[dn(&) + m+v/1T —m2 cn(&)]
m2sn(E) + vm* —mZ+1
Vm? — 1[1 + m/1 — m2sn(§)]
m2en(€) + v/m* —m? + 1dn(&)’
cn(€) + 1 —m?
VT=m2dn&) + V1 —m*+m2cn(§)’
sn(€) + /1 — m2dn(&)
VT =m?+ /1= m*+m2sn(E)’
1 +m~+/m? — Len(§)
my/1—m2sn(€) + 1 — m* +m?2
dn(€) +i(m® — m)sn(§)

my/1—mZen(€) + 1 — m* +mZdn(€)

Through the lengthy calculation, we can readily verify the following result. Note that
Maple can be used to help us for the calculation.

Theorem 1. Let y be arbitrary. Then, for each j = 1,...,12, ODE (2.1) with coefficients
g = pjx(y), k=0,...,4, has solutions ¢; (-, y), k=1,...,4.

Remark 1. Theorem 1 can be generalized further. In fact, it remains valid even if cn(€), sn(§€)
and dn(&) are replaced, respectively, by +cn(€), £sn(&) and £dn(€) in the expressions for

@; k given above.

In some cases, the solutions of ODE (2.1) can be used to generate additional solutions.
This observation is furnished precisely in theorems 2 and 3. Again, Maple can be used to
conveniently verify these results.

Theorem 2. Suppose that ¢ is a solution of ODE (2.1) with coefficients qx = gx, k =0, ..., 4,

where §1 = gz = 0, and §o, §> and 44 are given constants such that gy # 0. Then,

q 1
+ By
4o @
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Table 1. The definition of the constants p; x(y), j=1,...,12,k=0,...,4.

J Pjo(y) pji(y) pj2(y) Pj3(r) Pja)
1 m?—1 4y (1 —m?) 2 —6y2+ 2y (2y? — 2+ yim? +2y% — -
6y2m? — m? m? — 2y2m?) 1 —y2m?
2 1 —4y 6y2 — 1 —m? 2y (1 +m? —2y?%) yrem? —y? —y2m?
3 1 —m? 4y (m? — 1) 2m? — 6y2m>+ 2y (2y2m?— 29%m? + y* —m?—
6y2 —1 2y2+ 1 —2m?) yim? — y?
4 -1 y 73y2+2172»12 yQm2+y2 — 1) 7)/471—4i/zmz+2y2
5 _1 y 173)/2+m2 )/()/2 11— mz) 2}/2+2)1127}/471+2y2m27m4
1 2 1
6 _% ym2 n1273;/22m272 y(y2m2 _ m2 + 2) 2y2m27y41227m274y2
7 0 m? —1 3y +2 —3ym? —m? 3y2m? + 2ym®— y(y+1)
3y —dy -1 (y+1—ym?)
8 0 2J/T—-m?2  6J/1T—m2y —4m*>+5  (8m* — 10)y— 4y +2yHV1T —m2+
G2 +HVT—m2 1+ (5 —4m?)y?
1 21 1
9 I 0 —m°+ 5 0 I
10 m? m4—m2+1 2m*—3m2+4 A mt—m2+1 m?
4(1-m2) m2—1 2(1—m?2) m2—1 4(1—m?2)
1— 2 1 2 1— 2
oo o Lo 0 g
12 m?2—m?) A/ 1=m*+m? m*—4 A 1=m*+m? m?2—m?)
4(1—m2) m2—1 2(m2—1) m2—1 4(1—m2)
is a solution of ODE (2.1) with coefficients
. . [4a . . [Qa .
qo = 844 F 442, | . q1 =0, g2 = q> F64o,| —, g3 =0, g4 = Go.
q0 q0
Theorem 3. Suppose that ¢ is a solution of ODE (2.1) with coefficients qx = Gk, k =0, ..., 4,
PPy
where g, k =0, ..., 4, are given constants such that g, # 0 and §4 = q;‘? . Then,
1
s 1
1
q1 ®
is a solution of ODE (2.1) with coefficients
44324043 — 4192) . ~  64od3 . .
qo=T, q1=—443, ©=8 === 93 =41, 44 =4o.
1 1

Remark 2. From table 1 and theorem 1, the reader will note that, for any y, theorem 3 can be
invoked with ¢; (-, ¥), j € {10, 12}, k =1, ..., 4.

We would also like to consider the non-Jacobian elliptic solutions of ODE (2.1). As such,
to conclude this section, we present the following two results. Both can be proved easily via
direct substitution.

Theorem 4. Let a_y, ay, ay and by be given constants such that a_; # 0 and ay # a_1by.
Then,

a_ e ¢ + ap + a; et

e~ +bg+ e
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is a solution of ODE (2.1) with coefficients

(4a,1a1 — aé) a%, 2a_4 (—aoa,lbo +8a_ja; — aé)
=" (a_1by — ap)?* o= (a—1bo — ap)? ’
_ azlb(z) +4a_japbg — 24a_1a; + ag _ 2(8a; — a_lb(z) — apbo)
°= (a_1bo — ap)? ’ B= (a1bg —ag)?
a_lb(% —4a,
q4 =

a_y(a_1by — ap)?’

Theorem 5. Let a_j,ay,by and by be given constants such that ay # bja_; and

_ bo(a_1bi+ar)E(a_1by—ar) /b3 —4b; Th
= % . Then,

ap
a_q et + ap + ap et
e f + by + by ef
is a solution of ODE (2.1) with coefficients

a*,a? —2a_,a} — 2bia* a
qo = —’ ql = b
(bra_y — ay)? (bra—y —ar)?
alz +4a_1bja; + azlb% —2a1b; — 2a,1b% bf
q2 = , g3 = ——————————5 > qa

(bra—y —ay)? (bia—y —ar)? - (bra_y —a)?*

Note that additional solutions of ODE (2.1) can be constructed using Weierstrass’ elliptic
function. The reader is directed to [17] for more details.

3. A generalized expansion method

We will briefly outline a generalized expansion method for constructing traveling wave
solutions. Similar procedures have been developed in [2, 3]. However, the new results
given in the previous section ensure that our method yields many new solutions when
applied to some classical partial differential equations. This will be clearly demonstrated in
sections 4—6.

We consider the following nonlinear wave equation:

H(M,u[, MX,M”,MXX,MX[,...):O, (31)

where u := u(x,t) is a real or complex-valued function, H is a given function involving
powers of its arguments and the subscripts denote differentiation. We will consider candidate
traveling wave solutions that take the form

N
u(x, 1) = @€ =Y ¢;,[FEV, (32)

i=0
where £ = u(x — vt), u > 0 is the wave number, v is the traveling wave velocity, N is
an integer, F' is a non-trivial solution of ODE (2.1) with coefficients ¢z, k = 0, ...,4 and
¢j,j=0,..., N are constants with cy # 0. Depending on the form of H, i and v will be

determined or remain as free parameters.

Note that ii given by (3.2) is a polynomial function of F. Hence, it is readily seen that, for
each integer k > 1, @i is also a polynomial in F. In this case, we use the degree notation O (-)
to denote the index of the highest power of F. Thus,

O@i*) =Nk, k=1 (3.3)

7
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The derivatives of F can be obtained by repeatedly differentiating both sides of (2.1). For

example,
3
F'=T g P+ 2P 120, P,

F" = (q» +3q3F + 6q4F*)F/,

" 1 9 3.4
F" = <3qu3 + 56]142) + (sz tags 12(10614) F 4

1 15
+15 (5112613 +611Q4) F*+ (20612614 + 36132> F? +30q3q4F* +24q} F°.

It is not difficult to show that only the even derivatives are polynomials in F. The odd derivatives
also contain the terms of the form F/(F’) , where J is a non-negative integer. In this case, we
define O(F’) = 2 and so

O(F/(F) = j+2, j=0.
By differentiating (3.2), we can also deduce the derivatives of &i. For example,
i'=(+---+NcyFN"HF,
"=+ +NeyFN"OF" +[2¢c,+ -+ N(N — Dey FN72)(F)?,
i =(ci+--+NeyFN")F" +3[2c,+ -+ N(N — Dey FV 2] F'F”
+[6c3+---+ NN — 1)(N — 2)ey FN3(F')3,
" =(ci+---+NcyFN"H)F" (3.5)
+4[2c) + -+ N(N — ey FN2]F'F”
+3[2co+ -+ N(N — Dey FVN2(F”)?
+6[6c3+ -+ N(N —1)(N —2)ey FN3(F)?F”
+[24cs+---+ N(N — 1)(N — 2)(N — 3)ey FN4(F)*,

where the derivatives of F are given in (2.1) and (3.4). Higher-order derivatives can be obtained
similarly. Again, only the even derivatives of & are polynomials in F. It is readily seen that

0"y =N +«, K> 1. (3.6)

When i is substituted into (3.1), the original partial differential equation in x and ¢ is reduced
to a nonlinear ODE in £. We will normally choose N so that the degrees of the highest-order
derivative term and highest-order nonlinear term in this reduced ODE are balanced. However,
this does not always result in an integral value for N. In this case, it is sometimes possible to
proceed by letting i = v%, where t is the denominator of the fractional value of N (assuming
that the denominator and the numerator have no common factors), and solving the resulting
equation for v. This is illustrated in the following example.

Example 1. Consider the following Boussinesq-type equation:
U — Uxx T Uxxxx T (MS - u3)xx =0.
By letting u(x,t) = @(u(x — vt)), the above partial differential equation is reduced to the

following ODE:

Vi — "+ pta" + @ — i) = 0.

Integrating twice yields

Vi —a+pla"+ad — it =0. (3.7)
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Here, the highest-order nonlinear term is #°> and the highest-order derivative term is i”.
Balancing these two terms using (3.3) and (3.6) gives5SN = N+2or N = % Setting it = v%,
(3.7) becomes

2
0 — 1+ “Tmu” — W)+t — v =0 (3.8)

Now, we can balance (v')? and v* to yield N = 1. Hence, we can search for traveling wave
solutions of (3.8) which take the form v(u(x — vt)) = co + ¢ F (u(x — vt)), for constants cg
and c;. If such a v can be determined, then it is easy to derive i.

It is noted in example 1 that substituting i into (3.1) yields a nonlinear ODE in £. When the
derivatives of & are substituted into this reduced ODE, we will obtain a linear combination
of FI(F)*, where J = 0is an integer and k € {0,1}. If v, u, and ¢;, j =0, ..., N, and
qi, k =0, ...,4 can be chosen to make each coefficient in this linear combination zero, then
the resulting &# will satisfy the original partial differential equation (3.1). However, in this
procedure, we sometimes end up withc; =0, j =0, ..., N (we encounter this in section 6).
In this case, we can use the following alternative solution form proposed in [2]:

N . 71 /
N cLi[FE) +c ;) [FE))F(§)
= + - - , 3.9
(€)= cop ; BFe £ 11 (3.9)
where ¢, ck,j, k =1,2, j=1,..., N and 0 are constants.
Note that each of the Jacobian elliptic solutions of ODE (2.1) reported in [2, 13, 14]
can be written as a scalar multiple of some ¢;;(-,0),j € {1,...,6},k € {I,...,4}.

Hence, by applying our expansion method with (3.2) and theorem 1 to a nonlinear partial
differential equation, we can replicate every Jacobian elliptic solution obtained using the
methods presented in [13, 14]. Applying our expansion method with (3.9) and theorem
1 to a nonlinear partial differential equation, we can obtain all Jacobian elliptic solutions
obtained using the method presented in [2]. Similarly, each Jacobian elliptic solution of
ODE (2.1) reported in [3, 4] with @ = 1 can be written as a scalar multiple of some
0jx(-,0),j e{l,...,6},k € {1,...,4}. Itis also evident that, for the special case § = 0,
using our expansion method with (3.9) and theorems 1 and 2, we can recover every Jacobian
elliptic solution obtained using the method of [3, 21]. Hence, by virtue of the new results in
section 2, our method is a significant generalization of the work reported in [2, 3, 13, 14].

4. Traveling wave solutions for the Boussinesq equation

Consider the well-known Boussinesq equation
Ut = Uxx t Uxxxx + 3(u2)x,h (41)

where u := u(x,t) is a real-valued function. Various methods have been used to solve
Boussinesqg-type equations [7, 8, 11]. Here, the general expansion method will be used to
derive new traveling wave solutions for (4.1). Letting u(x, t) = @i(£), where £ is as defined in
section 3, (4.1) becomes the following ODE:

Vzﬁ” — ﬁ// + MZﬁ//// + 3(122)//. (42)
Balancing (ii%)” and & gives 2N +2 = N +4 or N = 2. Hence, we will search for traveling
wave solutions of the form

i(€) = co+ciF() +al FE)F, 4.3)

9
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where ¢, # 0, and F satisfies ODE (2.1) with coefficients g, k = 0, . .., 4. Substituting (4.3)
into (4.2) and using (2.1) and (3.4)—(3.5), we obtain the following sufficient conditions for
to satisfy (4.1):

3u2q3 — 161°qaqs — 4qs + 4q4v*
Co = s
2444
e = —utgs, @.4)
C = —2M2614, '
PRC (44294 — 43)
1= "
843
_ 2
That is, if a solution F of ODE (2.1) with coefficients satisfying g; = % and g4 # 0
can be found, then
8 3uqs — 160°qaqy — 4qaq + 4q4v?
) = —= — 123 F () = 21 qul F(§)T (4.5)

2444

is a solution of the Boussinesq equation (4.1). Now, we generalize this solution form further.
Note that if g = g3 = 0, then (4.5) reduces to

V-1 —4’q

i) = c — 2’ qs[F (5. (4.6)
If g # 0, then using theorem 2 with (4.6) gives the following solution form for equation (4.1):
V2 — 1 —4u’g, 2u*qo
0(§) = —————— =2 q[FI ~ : 4.7
6 o (F@P
Furthermore, note that (4.5) can be rewritten as
2.2 .2 2 2
N ugs v —4uq —1 3
aE) =28y e <F(s) +q—) : 4.8)
4Q4 6 46]4

The solution forms (4.7) and (4.8) provide motivation for the following, more general,
candidate traveling wave solution:

X niqi v —4plq —1 2 s\ @\~
i) = + —2u17gs (F(E)‘*'—) +d<F($)+—> , 4.9)
44 6 4qa 4qa4

where d is a constant. By substituting (4.9) into (4.2), the value of d can be determined. We
summarize our results in the form of the following theorem.

Theorem 6. Foreach j = 1,2, lets; € {0, 1}. Suppose that F is a solution of ODE (2.1) with

93 (49294—43
s m—

coefficients qj, j =0, ..., 4 satisfying g4 # 0 and g\ = % ). Then, for any u and v,
4

w2q; . Vi —4pPgy — 1
4Q4 6

2
u(x,t) = —2e114%qy (F (u(x —vt)) + %)

. 12(164392q4 — 5q5 — 25643 q0)
2
IZSQS(F(;L()C — ) + 4%)

is a solution of the Boussinesq equation (4.1).

Remark 3. Note that the solution form given in theorem 6 includes both (4.5) and (4.7) as
special cases.

10
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Note that the coefficients of ODE (2.1) in theorem 5 satisfy the requirements of theorem 6.
Thus, we can apply theorem 6 with the solutions reported in theorem 5 to obtain the following
class of traveling wave solutions for the Boussinesq equation (4.1):

V2 —1+2u? w? (—e_’“’“("_”’) + V22 — 49 + 9 etV )2

nminn = e T Ay =G0 4 A + 9 ehG—)

M2 < e—//.(x—vl) + A+ z96/1,()c—vl) )2

J— 8 —
22\ Zemnton £ /32— 49 + 9 ent—w)

where for each j = 1,2,¢; € {0, 1}, and A, ¢}, i and v are arbitrary real constants such that
¥ < A%/4.

It should be addressed here that the above class of solutions includes all of those obtained
by combining theorems 4 and 6. Note that, for some cases, the denominators in the expression
of u; can be equal to zero at certain points, and thus, such a solution is unbounded. For example,
uy withe; = ¢, = land 9 # 0is unbounded. It is also noted that, for some cases, the solution
u; is bounded. For instance, u; withe; = 1,6, = 0,0 < 9 < A2/4 and A > 0 is bounded.
For the bounded case, clearly, the solution #; gives a single wave that moves in the x-direction
with velocity v and as pu(x — vt) — £00, ui(x, 1) — (V> — 1+2u?)/6 — u*(e; +£2)/2.

Choosing ¢ = 1 and replacing A by 2A, u; becomes

2
V2 — 1422 2 (sinh[y,(x —vD)] £ VA2 = 1)
—_— — 8

ulx,t) =

6 2 cosh[i(x — vE)] + A

2 _ 2
M( cosh[z(x — v1)] + A ) (4.10)

2 \sinh[p(x — vi)] £ V32— 1
where for each j = 1,2,¢; € {0, 1}, and A,  and v are arbitrary real constants such that
A>1lor < —1.

Since u is a real-valued function, the arbitrary constants in u, are generally real. However,
this is actually an unnecessary restriction—these constants can be complex provided that u
remains real. If p is replaced by iu in (4.10), then we obtain another class of solutions:

LR R 7 R (sin[,u(x —u] £ V1= x2>2

1t = — A
ur(x 1) 6 & 2 cos[uu(x —vt)]+ A

u? cos[p(x —vt)] + A 2
2 <sin[,u(x o]+ m) ’

where for each j = 1,2,¢; € {0, 1}, and p, v and A are arbitrary real constants such that
—1 < X < 1. Obviously, the solution u; is unbounded.

— &

Remark 4. In [19], the solutions of (4.1) were obtained using the sinh/cosh ansatz I-II
method, the sinh—cosh ansatz III method, the tanh method and the sine—cosine method. Each
of these solutions is a special case of u; or u5.

To apply theorem 1 in conjunction with theorem 6, we must choose y so that the hypotheses
of theorem 6 are satisfied. That is,  should be chosen so that the following equation holds:

Pis(V)@pir()pja(y) —pj3()1»
8[pjs(»)]? )
Then, the corresponding solutions reported in theorem 1 can be used with theorem 6.
Applying this procedure, we can obtain periodic solutions of Boussinesq equation (4.1) in

pia(y) =

11
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terms of Jacobi elliptic functions. For each j =1, ..., 12, choosing gy = pj«,k=0,...,4
and employing theorem 6 give solutions u;, j = 3, ..., 26. Some of the solutions are listed
below.
vi—1+4p>m?+1) _
uz(x, 1) = ; — 21’ [erm® sn?(§) + e2sn 2 (§)],
V2 —1+4p%m? —2) 1—m?
us(x,t) = +2u? | e dn? + i|
46, 1) : " [ @)+
2 1+4 202 _ 2 2 1= 2 2
us(x’t)zv +4u”(m )_22 Slcn(E)Jr( m~) sn”(§) ’
6 sn?(&) cn?(§)
2 1+ 4p2(mP+1 2 dn’
te(x. 1) = v uo(m”+1) ol [mgcnz(é) n (5)]’
6 dn*(€)  cn*(§)
2 1 —4p2m? -1 1 —m?
urr, 1) = WO =D o | —ment(e) + |,
6 cn?(€)
2 _ 1 —4 2 2 2 1 d 2 20,2 1 2
uset)y = 2 n*(2m )_22[n2($)+m(m z)sn(é)]
6 sn*(§) dn”(§)
v —1+2u%Cm* —1) u?[1 —cn(®)]
ug(x, 1) = - ,
6 2[1 +cn(€)]

where for each j = 1,2,¢; € {0, 1}, and p and v are arbitrary real constants. The other
Jacobi elliptic function solutions are listed in the appendix.

Remark 5. It follows from remark 1 that u;, j = 3,..., 26, still satisfy the Boussinesq
equation (4.1) even if cn(€), sn(§) and dn(§) are replaced, respectively, by £cn(§), £sn(§)
and £dn(§).

Remark 6. It is interesting to note that, for each j € {3, ..., 26}, the solution u; becomes a
special case of u; as m — 1. Similarly, as m — 0, u; becomes a special case of u5.

Remark 7. The solution u3 is identical to the solutions reported in [12, 22], and the solution
Uy is the same as the solution reported in [23] (for cg =1, = 1 and 8 = 3). However, all of
the other Jacobian elliptic function solutions are new solutions. Furthermore, if the candidate
traveling wave solutions of the form (3.9) are considered and our new results in section 2 are
applied, then many additional solutions can be obtained.

To show the physical insight of these solutions, here we take u4 and u; as examples.
Figure 1 shows the wave profile of the solution us with m = 099, u = 1 and v = —1.
Clearly, the solution is a periodic function describing the traveling of waves in the negative
x-direction. Figure 2 shows the graph of the solution u; form = 0.9, u = 1 and v = —2. Note
that u7 becomes infinity when cn(u(x — vt), m) = 0, that is, u(x — vt) = (2n + 1)K, where
K = fon/z(l —m? sinz(s))il/zds and n = 0, &1, ... For instance, in figure 2, u7 becomes
negative infinity when the point (x, 7) is close to the lines x+2¢ = 2.280549 138(2n+1), where
n =0, £1,...Itis also noted from the expression of the solutions u3 with e, = 1, us, ..., ug
that these solutions are unbounded, since the denominator in the expression can be zero at
certain points.

12
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Figure 1. The plot of the solution u4 to the Boussinesq equation (4.1) with m = 0.99, u = 1 and
v = —1 and the initial status of uy4.

20 T T T T T T T
b 15t 1
10f 1
5 i
s ot g

-5

10+ i i 4
15 ; ; J

-20 I I I I I I I
-20 -15 -10 -5 0 5 10 15 20

X

Figure 2. The plot of the solution u7 to the Boussinesq equation (4.1) with m = 0.9, u = 1 and
v = —2 and the initial status of u7.

5. Traveling wave solutions for the modified KdV equation

We consider the following modified KdV equation:
u; + uzux +uyee =0, 5.1

where u := u(x,t) is a complex-valued function. Letting u(x,t) = (&), where & is as
defined in section 3, (5.1) is reduced to the ODE

—vi' + @i+ pla" = 0. (5.2)

Balancing %1’ and #" yields N = 1. Thus, we now consider candidate traveling wave
solutions of the form

i) =co+c1F(),

13
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where ¢; # 0, and F satisfies ODE (2.1) with coefficients g;, k = O, ..., 4. Substituting &
into (5.2), we obtain the following sufficient conditions for i to satisfy (5.2):

¢t +61°qs =0,
2coc +3u%g3 =0, (5.3)
-V +c§ +ulgy = 0.

According to (5.3),

393
u(x,t) =£pn (— — v/ =6qsF (u(x — W))) ; (5.4
2\/—6q4
where v, = ,uz(qz — %ﬁ) and p is an arbitrary constant, is a solution of (5.1). Now, if

q1 = q3 = 0 and g9 # 0, then theorem 2 can be applied with (5.4) to give the following
solution form of (5.1):

1
u(x,t) = e/ —6qo <62\/gF (M(X—Vzl))"'m) ) (5.5)

wheree; = £1, j = 1,2, v, = u?(q2— 2640 /%) and p is an arbitrary constant. In addition,

if gq = q;g-‘z and goq; # 0, then theorem 3 can be applied with (5.4) to yield another solution

form of (5.1):

ulx,t) ==xu [ (5.6)

3q1 <613 1
—F—— V0| —F(n(&x—vt)+— ||,
2J/—6q0 qi F(u(x —v3t))
where v; = u?(q2 — 6”%”3 - %) and p is an arbitrary constant.

We can apply theorem 4 with (5.4) to obtain the following class of traveling wave solutions
of (5.1):

30 u>
A

e*ﬂ(}C*(ﬂz"'A.z)t) +9 + 192(2;”:;3112) el‘«()‘*(ﬂz'ﬁuz)t) ’

ui(x,t) =1+

where A, ¥ and p are arbitrary parameters such that A # 0. It is noted that if A, ¢ and p are all
real constants satisfying A9 u # 0, then u; describes a single wave traveling in the x-direction
and u;(x, 1) = X, as u(x — (u? +12)1) — +oo.

We can also apply theorem 5 with (5.6) to obtain another class of solutions of (5.1):

.0 V=64 (o +1 oe MO (o +1) + 30/ — 4D (o —1)+l9e“()“’4’)>
u(x,t)=¢€; —

o—1 2 e~ m(x—val) 4 ) 413 e (x—v4)
v —6uo e—H(x—vt) 4 3 4 9 an(x—vst)
— € ’
o—1 o e—rx—wt) 4 %)\.(O’ + 1) + %62M(0 _ 1) + 13 er(x—vat)
/42(02+100+1)

where €; = £1,j = 1,2,14 = et and A, ¥ and o are arbitrary constants such
that o # 1. Note that u; is the same as solution (18) in [6], obtained using the exp-function
method. However, u, is a new solution.

We can also obtain Jacobian elliptic solutions to the modified KdV equation (5.1) by
combining theorem 1 with (5.4)—(5.6).

(1) For k € {1,...,4},j € {l1,...,12} and y arbitrary, (5.4) with F = ¢; (-, ) and
q = pji(y),l =0,...,4,is asolution of (5.1).

(2) For k e {1,...,4} and j € {1,2,3,4,5,6,9,11}, (5.5) with F = ¢;(-,0) and
¢ = pj(0),l =0,...,4,is asolution of (5.1).

14
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(3) For k € {1,...,4} and j € {10, 12}, (5.6) with F = ¢;(-,0) and ¢; = p;;(0),] =
0,...,4,1is a solution of (5.1).

Thus, we can obtain many Jacobian elliptic solutions of (5.1). To keep the details to minimum,
we will not list them all here. Instead, we just select some of them to compare our results
with those reported in [18, 22]. Note that our method can also be applied to the modified KdV
equation considered in [18, 22].

Let y be such that y # *1 and y # £m. Choosing gx = p2x(y),k =0, ..., 4, from
(5.4), it follows that

() = 3y(+4m?=2y%)  /=6(m> —y?)(I = yHsnlpx — vst)]
B 6w — i — 2 ysnlu(x — vs0)] + 1 ’
) = 3y(L+m? —2y%) /=60 —y*)(1 = y?)
D EEN e =) v +msnlp( — vsh)]
wsr £ = 3y(+m?> =2y»)  /=6(m* — y>)(1 -y} dn[p(x — vst)]
T o6 — o — ) ydaluG — vl +menlu(x —vsn] |
w1 = 3y(L4m? =2y%)  /=6(m? —y?) (1 — y?) en[p(x — vst)]
TR Vem = ha =) venlu(x — vl +dnlu(x — vsn)]

2 2 22
where vs = u?[6y? — 1 —m? — %] and p is an arbitrary constant, are solutions

of (5.1). If y is any real number such that m < |y| < 1, then uy,k = 3,...,6 are real
and bounded. Moreover, if y = 0, then according to (5.5) we can obtain the following two
unbounded solutions:

ur(x, 1) =/ —6u {:I:m sn[u(x — vgt)] + ;} i
sn[p(x — vet)]

e [ dnleGe = ven)] | menlp(x — ve)]
s 1) = Qﬁimma—wof'wmu—%m}’

where v = —u?(1 £ 6m +m?) and u is an arbitrary constant.
Similarly, if gx = p3x(y),k = 0,...,4, where y is an arbitrary constant such that
y #+landy # iiﬁ, then we get solutions of (5.1) as follows:
3y (1 —2m? — 2y% +2y%m?)
ug(x, 1) =
V=6(y2m? —m? — y2)(1 - y?)

V=6(y2m> —m? — y2)(1 — y?) en[p(x — vy1)] }
yen[u(x —v)]+1 ’
3y (1 —2m? — 292 +2y%m?)
V=6(y2m* —m?> — y2)(1 - y?)
Vo(y2m2 —m? —y2)(1 — y2)(1 — m?)
a y\/m+ men[u(x — vyt)] }
3y(1 —2m? — 292 +2y2m?)
V=6 m? —m? = y)(1 = y?)
V=6(2m* —m? — y2)(1 — y) dn[p(x — v1)] }
y dn[p(x — ve0)] +im sn[p(x — vyt)] '

uip(x, 1) = M{

up(x,r) = M{

15
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3y (1 —2m? — 292 +2y%m?)
V=6 m? —m? = y)(1 = y?)
V=6(2m2 —m? — y2)(1 — y2)(1 — m*»)sn[u(x — v71)]
Y~ 1 —m?sn[u(x —vyt)] +dn[u(x — vy1)] }

up(x,t) = M{

) 2 _ 2.2 2_1_ 3y2(1—2m>—2y%+2y*m?)?
where v; = p?[2m* — 6y m*+6y* —1 vy e

Moreover, if y = 0, then we have the unbounded solutions

] and p is an arbitrary constant.

e D cnlp— e
upiz(x,t) = nw 6(m 1) {im CH[M(X vgt)] + CH[M(X — vgt)] } ’

1 dn[u(x — vgt)] e sn[u(x — vgt)] }
YmZ = 1sn[u(x —vgr)]  dn[u(x —vgn)] )’
where vg = u?(2m? — 1 & 6m~+/m? — 1) and p is an arbitrary constant.

If g« = pex(y). k =0,...,4, where y is an arbitrary constant such that m?y* + m? +
4y? — 2m?y? # 0, then we can obtain other four solutions of (5.1)

u14(x, 1) = uy/6(1 —m?2) {:F

3y(y2m? —m? +2)
VO(yAm? +m? + 4y — 2y2m?)

V6(y*m? +m? +4y? —2y2m?)
2y +i2sn[(x — vot)] + 2 cnfu(x — vot)] |’

ups(x, 1) = M{

3y(y2m? —m? +2)
\/6(y4m2 +m?2+4y? —2ym?)

B V6(y*m? +m? +4y? — 2y2m2) dn[pu(x — vot)]
2y dnfu(x — vor)] +i2 en[p(x — vor)] +2+/1 — mZsn[u(x — vor)] |

ui(x, 1) = M{

3y(y2m? —m? +2)
Vo m? + m? +4y? —2y2m?)

3 V6(y*m2 +m? +4y? — 2y2m2)m sn[ju(x — vot)] }

upr(x, 1) = M{

2ymsn[u(x — vot)] +i2 +i2dn[pu(x — vot)]

3y (y?m? —m? +2)
Vo m? +m? +4y? —2y2m?)

upg(x,t) = P«{

VO m2 +m2 +4y? — 2y2m2)im en[pu(x — vot)]
i2ymen[u(x — vor)] + 2dn[u(x — vor)] +2+/1 — m? '
2_ 2,2 200,22 .2 2
where vg = p2[ * 3y2m : 2(m32}}//4(+ym;n+4yr2nf;?n)2yz)
choosing y = 0 yields that, for any u,

urg(x, 1) = ~/=6pm sn[px + p* (m* + 1t],

1
ux(x,t) = —6u

sn[ux + p3(m? + 1)t]’

] and p is an arbitrary constant. Furthermore,

en[ux + w3 (m? + 1)t]
) 1) =« _6 )
un 1) pm dnf[px + pu3(m? + 1)t]
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Figure 3. The plot of the solution u¢ to the modified KdV equation (5.1) withm = 0.95, u =1
and y = 0.96 and the initial status of u¢.

— dn[ux + @3 (m? + D]
) t) = _6 )
un (1) cn[px + w3 (m? + 1)t]
ux(x, 1) = v6pum enlpx — i 2m® — ],
1
cn[px — pu3@2m? — Dt]’

_ ——dn[ux — > @2m?* — 1)t]
uzs(x, 1) = uv'=6 sn[pux — pu3@2m? — D]’

_ — sn[ux — ,uv3(2m2 — )t]
uxs(x,t) = um+/6(1 —m )dnmx e = i)’

uza(x, 1) = py/6(m? — 1)

are solutions of (5.1).

Remark 8. It follows from remark 1 that u;,j = 3,..., 26, still satisfy (5.1) even if
cn(-), sn(-) and dn(-) are replaced, respectively, by £cn(-), £sn(-) and £dn(-).

Remark 9. If y = 0, then u3, ug and u 5 are the same as the solutions reported in [18] (with
a =1and b = 1), and u3, us and u; are the same as those reported in [22] (for « = 1 and
B = 1). However, all of the other Jacobian elliptic solutions are new. More new solutions can
be obtained if the solution form (3.9) is used.

To demonstrate the physical insight of the new solutions, we take ug as an example. By
choosing m = 0.95 and . = 1, the wave profiles of the solution u¢ for two different values
of y,y =0.96 and y = —0.96 are displayed in figures 3 and 4, respectively. Clearly, in both
cases, the solutions describe the traveling of waves in the x-direction. Different values of y
yield different wave shapes.

6. Traveling wave solutions for the shallow long wave approximate equations

In this section, we will apply the method discussed in section 3 to a system of partial differential
equations. Consider the shallow long wave approximate equations

17
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Figure 4. The plot of the solution u¢ to the modified KdV equation (5.1) withm = 0.95, u =1
and y = —0.96 and the initial status of ug.

1
U — UUy — Uy + 5Uy, =0,
' 2 6.1)

Uy — VU, — UVy — %vxx =0,

where u := u(x,t) is the horizontal velocity of the water and v := v(x,t) is the height
that deviates from the equilibrium position of the water. Substituting u(x,t) = #(§) and
v(x,t) = (&), where £ is as defined previously, into (6.1) and balancing the highest-order
derivative and nonlinear terms, we obtain N, = 1 and N, = 2. If candidate traveling wave
solutions are chosen according to (3.2), then all of the coefficients are required to be zero.
Accordingly, we will use the more general form (3.9) and consider candidate solutions

B(E) = 299+ T E) + O FE)

OF (&) + 1 ©2)
e CLiF(E)+ 81 F/(§)  E12F*(§) +E2F(E)F'(§) '
v(§) = Cp0t+ + ,

| OF©)+1 OF @ +1)?

where F satisfies ODE (2.1) with coefficients gx, k = 0, ...,4. By substituting (6.2) into
(6.1), we can ascertain the following sufficient conditions for # and ¥ to satisfy the shallow
long wave approximate equations (6.1):

1,1 N —4q02110° +3q181.10% — 2¢281.10 + 3811
n=x— Co0=—V+ ,
o 4o2
A2
¢
ba=0,  Goo=1po7[1200010° — 8456° — (12q092 + 347)6" + (1640gs +44192)0°
— (24q0q4 + 64193)0° + 1291940 + 45 — 4q244],
. 6%’1(493% — 392q1 +20q, — q3) . 6%1
11 = 2 , Clp=——,
4o 2
R T Y
2.1 e 2,2 e

where o = \/q094 —q103 +q20% — q30 +q4 and 6, v, ¢ are arbitrary constants. Note
that these requirements are the same as those reported in [2]. Note also that there are no
conditions restricting the choice of coefficients gz, k = 0,...,4, of ODE (2.1). Using
0jr(,0),j=1,...,6,k =1,...,4, from theorem 1, we can reproduce the same Jacobian

18
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Figure 5. The plot of the solution u; of the shallow long wave approximate equations (6.1) with
m =0.99,v =—2and ¥ = y = | and the initial status of u;.

- W

Figure 6. The plot of the solution v; to the shallow long wave approximate equations (6.1) with
m =0.99,v = —2and ¥ = y = 1 and the initial status of v;.

elliptic solutions of (6.1) reported in [2]. We also can deduce many new solutions by applying
theorems 1-3. These solutions cannot be obtained using the results in [2]. For example,
choosing 8 = 0 and g; = p7,;(y),j = 0,...,4, we can obtain the following solutions for
the shallow long wave approximate equations (6.1):

98 .
uj(x,t) =—v+ el + 07, (u(x — ), j=1...,4,
=02 P =) — g (e — i) + 22 (e — )
o= 1607 4g2 ¥ W T VI = O MRS VR S @ IR VI
j=1....4
where ¢; ;, j = 1, ..., 4, are as defined in section 2, @ = \/y3(1 —m?) +y22—m?2) +y,

B = )/2(3m2 -3) +y(2m2 —4)—1,n= )/4(3m4 —6m?+3)+ 7/3(4m4 —12m*+8)+ )/2(6 —
om?) —1,u = ¥/a,and v, y, ¥ and m (m € (0, 1)) are arbitrary. For the other solutions, we
leave it to the reader.
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To show the physical insight of these solutions, we take the solution (u;, v;) as an example.
Figures 5 and 6 display the graphs of u; and v; withm = 0.99,v = —2and ¥ = y = 1.
Clearly, the solution describes the propagation of waves with horizontal velocity u; along the
negative x-direction.

7. Conclusion

In this paper, we have presented a generalized expansion method for generating traveling wave
solutions of nonlinear partial differential equations. This method has been successfully applied
to the Boussinesq equation, the modified KdV equation and the shallow long wave approximate
equations, and many new results have been obtained. For each equation investigated, we are
able to replicate solutions previously derived in the literature, and discover many new ones.
Extensions to two- and three-dimensional partial differential equations are possible. Other
nonlinear partial differential equations can be tackled if an appropriate transformation can be
found. For example, in [6], the transformation # = In v was applied to the Dodd—Bullough—
Mikhailov equation to yield a nonlinear partial differential equation involving powers of v and
its derivatives.
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Appendix

Some solutions of the Boussinesq equation (4.1), derived from this work, have been given in
section 4, and the rest are listed below.

vE—1+2u*2m? —1) B wAdn(€) — /1 —m? sn(&)]

ot 1) = 6 20dn(€) + V1 —m2sn(®)] |
1) = V2 —1—=2u*m?*+1) . w1 —m?)[1 — msn(g)]
it = 6 M +msn@)]
£ = V2 —1—2u*(m*+1) _ WA (1 —m?)[1 — sn(€)]
uialx, 1) = 6 A +sn&)]
N V2 —1—2u*(m*+1) _ W (1 —m?)[dn(&) — cn(é)]
e 0 = 6 2dn®) +en@)]
v2—1—=2u*m*+1) p?*(m*— D[men(€) — dn(é)]
us(x,t) = 6 + 5 ,
[mcn(§) +dn(§)]
(. 1) vE—1 -2 m?>—=2) p*m?[dn(€) — 1 —m?]
u s = —
P 6 20dn(E) + 1 — m?]
N V2 —1—2u*(m* —2) _ wm?[1 — dn(é)]
uislx, 1) = 6 201 +dn(®)]
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v —1—u2Cm?+ 12m +2)

ul7(x7t) =

6
L m 1) [1 —ﬁsn<s>T+ [lw%sn(s)]Z
2 1+ Jmsn® | T T Jma® ] [
v —1—u12Cm?+ 12m +2)
ug(x,t) = G
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where for each j = 1,2,¢; € {0,1}, and u and v are arbitrary real constants. Note
that the solutions u;, j € {11, 14, 15, 16, 17, 18, 25, 26}, are bounded, while the solutions
uj, j €{12,13,19,20, 21, 22, 23, 24}, are unbounded.
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